The dynamics of networks on Heider's balance theory moves toward reducing the tension by constantly reevaluating the interactions to achieve a state of balance. Conflict of interest, however, is inherent in most complex systems; frequently, there are multiple ideals or states of balance and moving towards one could work against another. In this work, by introducing the competitive balance theory, we study the evolution of balance in the presence of conflicts of interest. In our model, the assumption is different states of balance compete in the evolution process to dominate the system. We ask, whether, through these interactions, different states of balance compete to prevail their own ideals or a set of co-existing ideals in a balanced condition is a possible outcome. The results show that although there is a symmetry in the type of balance, the system evolves either towards a symmetry breaking where one of the states of balance dominate the system, while the non-dominant part maintains a marginal presence. However, the tolerance of the dominant type with respect to the marginal type depends on the size of network.
Introduction
Conflict of interest is frequently observed in social networks, with conflicting sources of authority pushing the network towards their own ideals. As the system changes and evolves towards balance, these different ideals compete to dominate the network. In this paper we aim to extend the structural balance model, as theorized in Heider's pioneering work 1 , to take this competition of ideals into account. A half-century of research has shown that balanced networks have been very well-theorized [2] [3] [4] [5] [6] and are frequently observed empirically [7] [8] [9] [10] [11] , first introduced by Heider and then modeled in signed graphs by Cartwright and Harary 12 , is developed to explain the structure of conflicts and balance in a signed network; a network in which the connections are characterized as friendship and hostility, denoted by ±1. A triad is balanced when all three agents are friends, or when two friends have a common enemy; the cycle, otherwise, is tensioned. Over time, the system either reaches a global minima (either all links become positive or two hostile clusters emerge) or gets trapped in a local minimum (jammed state) 13 .
This original form of structural balance theory has been extended in several directions [14] [15] [16] . For example, Antal, Krapivsky, and Redner 17 (2005) go beyond a static description of balanced relations, and investigate different dynamical rules [18] [19] [20] for achieving balance. Also, Marvel, Strogatz, and Kleinberg 21 (2009), on the basis of social psychology theories, suggest that certain triads are more stable than others, and taking this statement as the driving force for change, they extract the energy landscape of the networks.
Heider's balance theory, in its original form, states that the idea of balance holds when the system includes one type of link, but the conflict of interest here is defined by taking the existence of several types [22] [23] [24] , of ± links into account. In this work, we extend the original theory to propose the competitive balance theory, i.e. balance in the presence of conflict of interest. Conflict of interest is inherent in most complex systems; frequently, there are multiple ideals or states of balance and moving towards one could work against another. In this work, by introducing the competitive balance theory, we study the evolution of balance in the presence of several types of ± links.
We can employ the social scientific concept of "conflicting discourses" to clarify the idea of conflict of interest and different conceptualizations of friendship and hostility (i.e. different types of ± links). Discourse, as a social scientific term and as elaborated by Michel Foucault 25 , in this context, refers to socially shared habits of thoughts, perceptions, and behaviors. The dominant discourse is attached to power, is continuously reaffirmed as the normative discourse, and it often involves ideas about a particular group of people (e.g. LGBTQ * community, Jews, or women). As the central point of commonality, the dominant discourse is the accepted way of perceiving the social reality, or behaving in social space. Alternative discourses, are usually that of the non-power holding others and are then shaped in response to the dominant discourse, frequently at the margins of systems, especially at the beginning of their emergence 26, 27 .
This extended theory of structural balance can be used to model the dynamic behavior of the diverse, interacting, and possibly competing, discourses that coexist in a system. The competitive balance theory acknowledges that the meanings of hostility and friendship are localized in a social space, and different discourses, with potential or perceived conflicts of interest, compete to reach balance or dominance. Conflict of interest frequently arises between the dominant and alternative discourses. In the global environment, with several discourses operating at the same time, the meanings of friendship/hostility (links) are localized. Friendship and hostility are defined based on the discourse(s) in which the interactions are taking place, with each of active discourses having its own conceptualization of links. Discourses are also in dialogue all the time; they are rarely, if ever, independent from one another or entirely cut off from the global environment. Although each discourse has its own internal conflicts, conflicts of interest among discourses to dominate the system create a conflictual and contentious social space. In short, in our model * Lesbian, Gay, Bisexual, Transgender, Queer (or Questioning) there are various and potentially competing forms of links, and different desired balanced states.
Considering the inter-and intra-discourse interactions, the question is, whether, through these exchanges, the competition evolves towards a homogenization of a type of link (i.e. one discourse privileging its own set of meanings) Or, alternatively, a set of co-existing discourses in a balanced condition (i.e. co-existing states of balance) is a possible outcome?
Methods
As explained in the introduction, in the real world, the meanings of hostility and friendship are localized in social space; in other words, people have different sets of reasons to be friend or resent one another. Taking this heterogeneity into account, the states of balance or unbalance in a triad is influenced by these different meanings of friendship and hostility.
Since in the original conceptualization of a balanced triad, the assumption is that there is a single meaning (or cause) of friendship or hostility, all triads are 'pure'. In other words, going back to the concept of discourse, all dyadic relationship in a triad function are in the same discourse, or are derived from the same order of meanings. Extending the model to include diverse systems of meanings, in addition to the pure triads (getting their meanings from a single discourse), there will be 'mixed' ones with edges coming from different realms of meanings. In such mixed triads, the state of (un)balanced is influenced by the heterogeneity of the discourses involved.
For example, we know, from the original conceptualization of structural balance theory, that when two enemies have a common friend, the triad is unbalanced. If, however, the friendship and hostility in a triad are derived from different discourses (or, to put it simply, if the cause of friendship is different from that of hostility), in our system, the triad will be defined as balanced (see Fig. 2 ). Note however that unlike the edges in a multi-layered network, in the competitive balance model each two nodes can be connected to 3/13 each other with one, and only one, edge.
In this model, for simplicity, we use two different conceptualizations of friendship and hostility, i.e. four types of links altogether ±a , ±b. Fig 1 is a proper representation of such a network. The ±a edges aim to evolve towards the first desired balanced state, and the ±b's aim to evolve towards the second desired balanced state, with a conflict of interest occurring among ±a's and ±b's.
We, then, pursue to model the presence of two different types of friendship/hostility, satisfying the following conditions:
1. All the triads (pure and mixed) are homogeneously treated and their energies are equally weighted in our Hamiltonian function. The triads are homogeneous if, in moving towards lesser tension, the system does not prefer one balanced triad over another (i.e. the pure ones over the mixed ones, or the other way). In other words, the system moves towards the presence of more balanced triads, irrespective of the dyadic discursive relationships involved in each.
2. The definition (un)balanced pure triads follows the original conceptualization by Heider 1 .
3. Mixed triads, the ones with dyadic relationships stemming from different discursive spaces, follow a symmetrical behavior according to their energies.
4.
The edges and triads that are derived from different discursive spaces are always identifiable, and to this end we need to use a label to distinguish them.
To achieve these, we use the properties of complex numbers. Based on this choice, the edges of type a (belonging to the first order of meanings) are denoted with real numbers ±1 and the edges of type b (belonging to the second order of meanings), are denoted by the imaginary numbers ±i. As +1,−i indicate friendship and −1,+i indicate hostility. Fortunately, by using complex numbers, we can distinguish between the two different types of friendship/hostility without disturbing the homogeneity of triads, i.e. using this method the energy of pure and mixed triads are treated equally in the Hamiltonian function. Translated into mathematical language of modeling:
thus the possible energies for triad i jk is as below:
Indeed, based on these two types and two signs of edges, twenty different kinds of triads can be constructed as shown in Fig. 2 . These triads are divided into four categories according to their energy. A triad is balanced if its energy is negative and unbalance otherwise. On the other hand, a triad is classified in the real (imaginary) group if its energy is a real (an imaginary) number. As mentioned before, in each group, we name a triad pure if its sides are all of the same type, either real or imaginary and mixed if its sides are a combination of both types.
In the initial condition of simulation, we assume that all four types of edges are randomly distributed with an equal probability in a fully connected network. Since a random configuration is obviously not balanced, the network begins to evolve. As Antal has mentioned the natural tendency of members in social network is to reduce the unbalanced triads 17 which is equal to tension reduction. So, in order to investigate the final states of the system, we define a Hamiltonian function which satisfies the tension reduction, as follows:
where E re and E im , respectively, are the average energy of all real and imaginary triads:
Although, the share of E re and E im in total energy varies in time but the total energy of network is always in the range of -1 to +1:
This form of Hamiltonian simply apply Constrained Triad Dynamics (CTD) 17 which corresponds to the reduction of the number of unbalanced triads. In other words, the priority is to maximize the balanced triads, irrespective of their types. In each update step, we choose an edge at random to flip to one of the three other relations with equal probability. The flip will be accepted if the total number of balanced triads 28 increases. In this way, the system dynamics moving toward structural balance, or lesser tension, can be studied when there are two interacting discourses at play. In the next section, we ask how does a system evolve in the presence of two different, but structurally equal, types of friendship/hostility, when the model does not prefer one type over another? What is the share of each, E re and E im , in the total energy during the evolution? Whether, as a result of the competition, one of the orders of meanings dominates the system or they both co-exist in a balanced state? Fig. 3a represents the share of energy of the real and imaginary triads in total energy over time for 10,000 realizations. Note that the illustrated results are of a typical network of size N=20, at the end of this section we investigate the effect of size. At the initial state there is no preference for different types of edges, so the density of the four groups of triads (shown in Fig. 2 ) are equal; hence, E re and E im have roughly the same share. The fact that at the beginning, the number of balanced and unbalanced triads are equal implies that the starting point of the dynamic of each sample is around the origin of the coordinate. As time passes, different kinds of triads transform to each other and at a specific point there appears to be a symmetry breaking. From this point forward, as shown in Fig. 3a , the energy of network falls into either the blue branch, where the share of real energy is dominant, or the red branch, where the share of imaginary energy is dominant. Of course, in rare cases, the system stops in the middle of the path (green branch).
Results
If we let the system evolve long enough, it is finally trapped in a minimum which may be local or global. Global minima are absorbing states of the system in which E = E re + E im = −1. If the share of E re (E im ) in the total energy is significantly higher than the share of E im (E re ), then the system is said to be in the real (imaginary) domain. It is worth noting that the symmetry is spontaneously broken, in the sense that without the intervention of an external force, in global minima the major share of energy belongs to either the real or the imaginary part. Also, less frequently, the system is trapped in local minima, called jammed states 17 , and, as illustrated, unlike global minima, in jammed states E re and E im have close shares. If the system does not get stuck in jammed states, the energy path is finally absorbed into one of the real or imaginary domains. We averaged over the energy paths of different realizations that led to either local minima (i.e.jammed states), or global minima (i.e. real and imaginary domains, separately), as shown in Fig. 3b . It is clearly evident that there is a symmetry on the path to both real and imaginary domains. Fig. 4a illustrates the final energy of 10,000 realizations with the same initial condition after N 4 Monte-Carlo steps. As shown, all paths are absorbed into a limited number of discrete fixed points, categorized into three sets: jammed states, real and imaginary domains. As the density of occurrence shows in Fig. 4b , it is apparent that some absorbing points are more preferable than the others. Also, as shown, reaching a real or an imaginary domain is significantly more probable than getting stuck in the jammed states. Fig. 5 is a 3D representation which shows the share of E re and E im in total energy versus time for two arbitrary configurations. As the figure shows, the energy path quickly reaches a balanced state in one domain, then starts to fluctuate between fixed points with the same magnitude of energy in that domain.
A macro-level analysis showed us that the global behavior of the network leads to the formation of three possible domains, based on the final energy levels. We now turn to a micro-level analysis, study the details of network structure and detect the kinds of triads that will remain in each domain. Here, we leave aside the jammed states and follow the density of triads over time for the paths which finally settle to the global minima of energy.
As explained in Fig. 2 , the triads are classified into balanced and unbalanced, with real and imaginary energies. Since the initial density of all types of edges are equal, as it is shown in Fig. 6a , all four groups of triads have the same density at the beginning. Over the early steps of evolution the number of balanced triads dominates unbalanced ones resulting in devision of branches in the figure. As time goes by, at a point, symmetry between the number of imaginary and real triads is spontaneously broken and one of the balanced groups predominates, while the density of the other balanced group decreases. After saturation the dominant balanced group occupies more than 80 percent of all triads leaving less than 20 percent for defeated balanced group and nothing for unbalanced groups.
Another question is the share of different possible balanced triads in the final states. Surprisingly, we observed that despite the fact that constraints concerning energy allow existence of 10 forms of balanced triads but only subgroups of them coexist in the final global states. For example if the system falls into the legend shows the triads in the real or imaginary domains, in two separate columns. The circled triads in the legend are the ones that remain in the system, in each specific domain the real domain, out of 10 balanced triads only five of them remains: two pure real balanced triads and three mixed imaginary ones. They have been specified by circles in the left column in Fig. 6b . This form of selection, indicates that it is more favorable to the system to go to the state with most real links. In the same way if the system gets into the imaginary domain, the most dense triads are respectively pure imaginary and mixed real ones which have been identified in the right column. As a result, the steady state of a competitive system is where real or imaginary links overcome the other one. Indeed, in real (imaginary) domain, real (imaginary) links predominate in the network and a few imaginary (real) links remain sporadic across them. Now we investigate the effect of size on our results. We performed simulation for a wide range of sizes in ensembles of 1,000 iterations. Fig. 7a illustrates the final energies for a selection of sizes, and Fig. 7b shows the probability density for the spectrums. A few interesting results were deduced from the size analysis. Size analysis revealed that jammed states can occur in any size. Although in Heider's balance model, networks of certain smaller sizes (i.e. N < 9 & N = 10) have no jammed states 17 , this is not the case in our model. Additionally, as the spectrum of final states in Fig. 7 shows, as the size grows the probable global minima move towards homogeneity. In other words final global minima get closer to the real or imaginary axes. This means that for the global minima falling in the real domain, the share of imaginary triads shrink as size grows. The same story happens if the system fall in the imaginary domain. In society this implies that in fully connected networks, for large sizes we approach a more homogeneous world where one of the discourses almost eliminates the other. Now, another concern rises. What will be the density of the most probable triad for such uniform world? In size 20 we observed that out of 10 possible triads only five survived evolution of the system. As well we noticed that one forms of triads outnumbered the others by the rate of 60 percent, graphed in Fig.  6b . One might concern at what rate the most popular triad dominates the system in the thermodynamic limit. Fig. 8 graphs the evolution of the share of the most popular triads over time for various sizes. It seems that as the size grows the share of the most probable triad grows as well. However, an upper bound appears in the graph and is revealed by a rough calculation. In a rather homogenized world, observed in larger sizes, with one of the discourses dominating the system, the configuration becomes either paradise or bipolar 12 . Entropy, however, suggests the bipolar state, in which there are two strong subsets having intra-group friendship and inter-group hostile relationships. The number of possible choices in a bipolar network as such is maximized if each group has almost half the population 17 N/2. In this system two kinds of triads are formed: about N 3 /24 triads with edges (1, 1, 1) and N 3 /8 triads with edges (1, 1, −1). So, referring back to Fig. 8, the (1, 1, −1) triad leads the density with an optimum share of 0.75.
Conclusion
Heterogeneity and conflict of interest is inherent in most real-life social networks. While a typical property of most social networks is their strive towards balance, as theorized by Heider pioneering work, we discuss that different desired states of balance may coexist in a network, with one state working against others. In this paper, we introduce the competitive balance theory by redressing the original balance function and modifying the model to take the conflict of interest into account. The competitive balance theory studies the evolution of networks towards different states of balance, in the presence of heterogeneous and potentially competing types of links.
In this work we assumed that the system evolves towards two competing states of balance, and comprises two different types of friendship and hostility. We used complex plane to distinguish between the two different types without disturbing the homogeneity of triads in the Hamiltonian function. This way, while proposing a new model, we follow the original conceptualization of (un)balanced triads by Heider.
In our simulation, we randomly distribute four different edges; two real and two imaginary, to represent different types of friendship and hostility. As the network evolves, although at first there is no preference for the share of real or imaginary parts in energy, at a specific point there appears to be a symmetry breaking. The system, typically, moves towards the domination of the real or imaginary domain, while the non-dominant type of energy maintains a marginal presence. For a better comprehension of this state, imagine a normative discourse (e.g. heteronormative) staying -or an alternative discourse (e.g. LGBTQ inclusive) becoming-the dominant discourse, while the other maintains a marginal existence. Size analysis shows that in smaller sizes the network demonstrates higher levels of tolerance for the non-dominant type, though, as the network grows so does its intolerance for the marginal presence of the other discourse, while in the thermodynamic limit the non-dominant type of links ceases to exist.
Less frequently, the system gets trapped in unstable local minima, with high levels of heterogeneity and conflicts. Using the same analogy, this happens when different discourses of sexual orientation coexist in a conflictual environment, with none of them playing the role of dominant discourse. Note that, in this paper we take two different conflictual states of balance into account; this modeling choice, depending on the research question or the case under study, can be extended to more than two conflicting sets of ideals.
The empirical testing is an important next step in formal modeling. It mostly refers to the use of large N data to test the predictions and the processes highlighted by a model, taking the assumptions into account. Today, data creation, occurring at a record rate, offers new opportunities to empirically test formal models. There are several domains in which the conflicting nature of multiple states of balance in a system can be studied and modeled empirically; conflicting discourses of family and sexuality and conflicting political rhetoric as described in Supplementary Information, are cases in point.
Appendix:
Suggestion for empirical testing The competitions among different perceptions of family, mostly as a result of the growing LGBTQ discourses and movements on a global scale, provides a relevant historical example. Evidence indicates that, in the past few decades, the discourses around the issue of family have been competing for dominance, and the conflict of interest in the system has resulted in a general shift towards a greater acceptance of LGBTQ-inclusive discourse of family (as opposed to the once dominant discourse of nuclear/heterosexual family) 29 . Both discourses, those who see families as a heterosexual unit, and those who have a more inclusive idea of family, have their own internal conflicts (over issues such as children, families of origin, and finances), on the one hand, and are in conflict with each other on the other hand. Agents, have complex social identity, and often draw on multiple, at times competing, discourses to make sense of the reality. Depending on the cycle (local environment/ social space) in which one is interacting, s/he may interact based on heterosexual or LGBTQ-inclusive notions of family. In the process of reconsidering one's perception about the notion of family, a single agent goes back and forth between multiple discourses, as see fit in their local environments and constantly reorganize a sense of who they are. Agents with multiple identities (i.e. using multiple discourses) negotiate their identities over time toward reaching stability, and that is when the system reaches a balance.
In political domain, conflicting political rhetorics is another case in point. Political communication strategists, while still predominantly using traditional channels such as TV debates or door knocking, since the 2008 Obama election, were fascinated with the potential of online social media platforms 30 . Many researchers believe that in the age of Twitter political rhetoric has changed, and a new amateurish (yet authentic) discourse has emerged, that co-exists with the traditional professional discourse in social media 31, 32 . There are, for example, several case studies on Donald Trump's rhetoric, described as authoritarian or populist, and fundamentally different from the established partisan rhetoric in the US 33, 34 . Professional rhetoric uses the established political language to promote a cause and uses research-based evidence to mobilise the users. The counter-trend moves towards deprofessionalism, using controversial language, and utilizing the dual role of celebrity-politician, and at times more likely to be circulated compared to messages using professional stylistic standards and established political language. This counter-rhetoric corresponds to an image of authentic ideas and a genuine outsider positioning, using form and content to show spontaneity and sincerity 33 . The conflict between these two political rhetorics in an election season, for example that of Donald Trump and Hillary Clinton, and the attempt to dominate the system can be modeled through the competitive balance theory.
The empirical testing of our model is not limited to the social or political domains, but can be extended to other areas such as such as human genomics, healthcare, oil and gas, search behaviour, surveillance, and finance.
